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THE DISTRIBUTION OF F q -POINTS ON CYCLIC ACOVERS OF 

GENUS g 

ALINA BUCUR, CHANTAL DAVID, BROOKE FEIGON, NATHAN KAPLAN, MATILDE LALIN, 

EKIN OZMAN, MELANIE MATCHETT WOOD 


Abstract. We study fluctuations in the number of points of Acyclic covers of the projec¬ 
tive line over the finite field F g when q = 1 mod l is fixed and the genus tends to infinity. 
The distribution is given as a sum of q + 1 i.i.d. random variables. This was settled for 
hyperelliptic curves by Kurlberg and Rudnick KR09 I. while statistics were obtained for 
certain components of the moduli space of Acyclic covers in IBDFLlOl . In this paper, we 
obtain statistics for the distribution of the number of points as the covers vary over the full 
moduli space of Acyclic covers of genus g. This is achieved by relating Acovers to cyclic 
function field extensions, and counting such extensions with prescribed ramification and 
splitting conditions at a finite number of primes. 

Keywords: curves over finite fields, distribution of number of points, function field ex¬ 
tensions, local behavior 
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1. Introduction and results 

Let q be a prime power, and let ¥ q be the finite held with q elements. The goal of this 
paper is to establish statistics for the distribution of the number of F f; -points of Acyclic 
covers C of P 1 defined over ¥ q , as C varies over the moduli space Hg# of such covers of 
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genus g for large g (and fixed q ). We always suppose that £ is a prime number such that 
q = 1 (mod £). For 1 = 2 (the case of hyperelliptic curves), this was addressed by Kurlberg 
and Rudnick |KR09] who showed that the probability that #C(F q ) = m for some integer 
m is the probability that the sum of q + 1 independent and identically distributed (i.i.d.) 
random variables is equal to m. This was generalized to cyclic ^-covers of degree d by the 
first, second, third and fifth named authors in [BDFL10) who obtained statistics for each 
irreducible component of the moduli space 

(i) n g/ = U 1) ? 

di~\-2d2~\ -f (£—l)dg—i=0 (mod £), 

- 2 ) 


as min{di,(i 2 , ■ ■ ■ ,de} tends to infinity. These components will be defined in 15.11 Similarly 
to the hyperelliptic case, the probability that #C(F q ) = m for some integer m, as C varies 
over and min{di,..., d^-i} —* oo, is the probability that the sum of q + 1 i.i.d. 

random variables is equal to m. The i.i.d. random variables X±,... ,X q+ i are given by (for 
any prime i > 2) 


( 2 ) 


0 


with probability 


( 1-1 )q 
£{q + £-iy 


Xi 


1 


with probability 


£-1 

q + £- 1 ’ 


£ with probability —--- 

£(q + £- 1) 


As the statistics hold for min{di,..., d^-i} oo, this result does not give statistics for the 
distribution of the number of F f; -points on covers as we vary over all of 7-L g /, since g —» oo 
does not mean that min{di,..., d^{\ —> oo on all components %(<fo-A_i) for a given genus 
in (HJ. Other statistics for cyclic ^-covers were also obtained by counting the covers in a 
different way (which does not preserve the genus) by Xiong |XiolO] and Cheong, Wood and 
Zaman [CWZarj , and the distribution of the number of (affine) F g -points on those covers 
was also given by a sum of i.i.d. random variables but with different probabilities than the 
random variables of (J2J). 

We show in this paper that the statistics for the distribution of the number of F g -points for 
covers in Hgj, are also given by the random variables (J2)) • The strategy is completely different 
from the work in |BDFL10j . There, the counting is done directly by considering affine models 
for the covers in each separate component A-d Q f the moduli space. Here, we study 

the equivalent question of counting the number of extensions of the function held K = 
F q (A") with Galois group Z/^Z, conductor of degree n, and prescribed splitting/ramification 
conditions at a finite set of fixed primes of F g (X). As a result, we directly obtain the 
total count in 'H g ,e- We explain in Section [5] why these two questions are equivalent, and 
give general formulas for the number of points on covers in terms of the distribution of the 
function held extensions that they define. 

In order to count the cyclic function held extensions associated to our statistics for point 
counting on covers, we use a classical approach described by Wright in [Wri89j (and hrst 
due to Cohn |Coh54j for the case of cubic extensions of the rationals), which is to study the 
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generating series 

( 3 ) 


£ V(L/K)-, 

Gal(L/K)=G 

where T)(L/K) is the absolute norm of the discriminant Disc(L/A"). The approach uses 
class held theory to give an explicit expression for the Dirichlet series (f3l) . This is done in 
generality by Wright in (Wri89j for any global held K and any abelian group G. The coiint 
is then obtained by an application of the Tauberian theorem, and the main term is given 
by the rightmost pole of the Dirichlet series. The order of this pole varies according to the 
group G and the ground held K , (more precisely with the number of roots of unity in K). 
This is described in |Wri891 Theorem 1.1]. 

In this paper, we apply those techniques to the case K = F g (X) and G = TLfFL, and we 
further restrict to counting extensions with prescribed splitting conditions at the F^-rational 
places of K. To find our desired statistics for point counts of curves, we need to obtain explicit 
constants in our asymptotics, and in particular to understand how those constants change 
as we change the splitting conditions. For this, we use the last author’s further development 
of Wright’s method in [ WoolOj . which determines probabilities of various splitting types in 
abelian extensions of number helds. We are also interested in the secondary terms and the 
power saving that can be obtained after taking them into consideration. Our results can 
then be used to get the distribution of the number of points on covers as we vary over all 
of 'H g ,e, but also have other applications for statistics on the moduli spaces of curves over 
finite helds, such as the power of traces and the one-level density. We give more details 
about these applications in Section 11.11 We also compute the values of the constants for the 
leading term of the asymptotic formulas, so the counts obtained with those techniques can 
be compared with the counts of [BDFL10] (see Section l5Tf . 

We now state the main results of our paper. We first define some notation. Let Vk be the 
set of places of K. Let NfiLjFL, n) be the number of extensions of K = F g (X) with Galois 
group Z/f?Z such that the degree of the conductor is equal to n. Let Vr, Vs, V/ denote three 
finite and disjoint sets of places of F (/ (X), and let 1V(Z/£Z, n; V#, Vs, V/) be the number of 
extensions of F g (W) with Galois group Z/f?Z, which are ramified at the places of Vr, split at 
the places of Vs, and inert at the places of V/, and such that the degree of the conductor is 
equal to n. 


Theorem 1.1. Let £ > 2 be a prime. Let Vr, Vs, V/ and 1V(Z/TZ, n; Vr, Vs, V/) be as 
defined above, and let V = Vr U Vs U V/. Then, 


N(Z/£Z, n) 


lV(Z/£Z,n;V*,Vs,V 7 ) 


C, r/'Pfn) - O (V V-H i 

Cl ( n G I’Pv^Vs.vA ») + O ( 9 (n«)") , 


where P(X),Py R y s y I (X) G M[X] are monic polynomials of degree £ — 2. Furthermore, Ct 
is the non-zero constant given by 


( 4 ) 


Ci 


(1 - q - 2 )^ 1 
(£-2)\ 


i -2 


nn 

1=1 v£V k 



JQ 


—2 deg v 


(1 + g- de s^)(l + jq~ de z v ) 


1 
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and for each place v E V, we have 


(£-l)q~ de z v 


c v = 


l + (£-l )q- de sv 

1 

£{! + (£- l)q~ de s v ) 

l- 1 


ifve V R , 

'if v e V 5; 

ifve V/. 


U(l + (^- l)g- de s^) 

Furthermore, for £ = 2 we obtain the exact count 

2(q n — q n ~ 2 ) n > 2, n even, 
N(flj 2Z, n) = <( 2g 2 


0 


n = 2, 

n odd. 


iV(Z/2Z, n, u 0 , ramified ) = _ 9 deg l 0 <f + ^V 1 )- 


1 + q 


We prove Theorem 11.1 1 bv using class field theory to show that counting Z/TZ extensions of 
F f/ (X) is equivalent to counting continuous homomorphisms of the idele class group of F g (X) 
to TLjFL. This is the method implemented by (Wri89) for general abelian extensions over 
function fields and number fields, and also in some recent work of the last author (Woo 10] 
that finds probabilities of various splitting types in abelian extensions of number fields. The 
idea of obtaining statistics for the families of curves over finite fields by considering the family 
of function field extensions attached to those curves was also used by Wood in (Wool2j and 
by Thorne and Xiong in [TX14] for the family of trigonal curves (corresponding to non-Galois 
cubic extensions of F 9 (X)). 

We record below a special case of this result which will be needed in the applications 
described in Section 11.11 The following corollary has a necessary ingredient for proving 
such results, namely, the explicit dependence of each of the coefficients of the polynomial 
Pv R y s MX) with respect to the splitting/ramification conditions to ensure enough cancel¬ 
lation in the relative densities for the split and inert primes. More corollaries of this type 
can be extracted from the proof of Theorem 11.11 if needed for other applications. 


Corollary 1.2. Let v e Vk be a place, let e e {ramified, split, inert}, and let N(Z/£Z,n,v, e) 
be the number of extensions of'F q (X) with Galois group TLjtTL such that the degree of the 
conductor is equal to n and with prescribed behavior e at the place v. Then, 

N(Z/tZ, n, v, ramified) = - - Ciq“PR(n) + O ( ? (4 + «)"^ , 

N(Z/lZ,n,v, split) = ((l — f l)<r ^„ ) CrfPs( n) + O (#+•>'') . 

N(Z/lZ, n ,v, inert) = <(I + (< + O (# + ») . 

where Cn is the non-zero constant defined by (]4]) , Pr(X) and Ps(X ) 6 M[X] are monic 
polynomials of degree 1 — 2 and PfiX ) — [l — 1)P5(A"). 
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When £ = 2, we obtain a better error term for the ramified case 

d - a -2) Q -degv 

N (Z/2Z, n, v, ramified) = — - + dcgv — <f + 0,(1). 


Finally, we state our main result for the distribution of points on Acyclic covers of P 1 of 
fixed genus that can be obtained by a simple application of Theorem 11.11 This distribution 
is given in terms of the same random variables obtained in [ BDFLIO j for each irreducible 
component of the moduli space Hg/- 


Theorem 1.3. Let TLg.i be the moduli space ofTLjGL Galois covers of P 1 of genus g. Then, 
as g —$■ oo , 


\{C G : ffC(¥ q ) — m}\' 


= Prob (X 1 + ... X q+ i = m) + O e 


\n a t(F q )\' 

where the X t ’s are independent identically distributed random variables such that 

(£-l)q 


Xi = 


0 with probability 

1 with probability 

£ with probability 


£( q + e-iy 

£-1 

q + £- 1 ’ 

g 

£(q + £- 1 )‘ 


In the formula, as usual, the ' notation means that the covers C on the moduli space are 
counted with the usual wights l/|Aut(C)|. 


1.1. Relation to previous work and outline of the paper. As we mentioned above, 
using class held theory to count Abelian extensions of global fields was first used in the 
elegant note of Cohn [Coh54j for the particular case K = Q and G = Z/3Z, and was vastly 
generalized by Wright in his influential paper on the subject iWri89) . The main idea is to 
write the generating series (j3J) as a finite linear combination of Euler products whose factors 
are relatively simple. In |Wri89) . Wright gets an asymptotic for all Abelian extensions of a 
global held. In the present paper, we are interested in a special case of his work, namely 
K = F,(X) and G = Z/£Z, but we need results which are completely explicit because of 
the applications to statistics of curves over finite helds, which is our main goal. We then 
need the values of the constants c(k,G ) in |Wri891 Theorem 1.3], which are not determined 
by Wright. He manages by an ingenious argument to show that they are non-zero, and that 
the density exists. In this paper, we compute these constants explicitly and show that they 
ht the count of | IBDFL10| , ignoring the error terms (see Section [5]). For the case of number 
held extensions, the explicit computation of the constants c(k, G) from [Wri891 Theorem 1.3] 
was addressed by Cohen, Diaz y Diaz and Olivier in |CDyDO02], again for the case of cyclic 
extensions of prime degree. Their techniques are completely different from the class held 
theory approach of [Coh541 IWri89] , as they use Kummer theory. The authors of |CDyD0Q2 
do not compute the relative densities for the splitting conditions with their approach, and to 
our knowledge, this is not done in the current literature with the Kummer theory approach. 
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The relative densities for general Abelian extensions of number fields were computed ex¬ 
plicitly by the last author of the present paper in [WoolO] using the class held theory ap¬ 
proach, with an emphasis on characterizing the extensions of Q where the independence 
between the various primes in the relative densities is false. In some ways, the present paper 
is a function held analogue of [ WoolOj . but of course the application for counting points 
on curves is different. There are also many differences between function holds and number 
holds, because of the special role of the place at infinity, and the fact that all residue helds 
have the same characteristic. There are also different analytic issues between number helds 
and function helds. 

Among other possible applications of counting function helds extensions and curves over 
finite helds, one can think of statistics for the distribution of points over finite helds F g n 
as n varies (but the family of covers is still defined over F y ), and the one-level density for 
the family, as studied by Rudnick in (RudlOj for hyperelliptic curves. Those applications 
are also suitable for an approach using the relative densities of the function held extensions 
corresponding to the family of curves. For this particular application, one needs all secondary 
terms which can be obtained by computing the residues of all the poles in the line Re(s) = 
l/(i— 1) of the generating series (|3|) . i.e. the polynomials P(n) appearing in Theorem 11.11 
and Corollary 11.21 and not only the main term given by the highest order pole. This would 
provide enough cancelation between the different relative densities appearing in the explicit 
formulas relating the point counting to the zeroes of the zeta functions of the curves. The 
quality of the results obtained for statistics for the number of points over F ? n (namely how 
large n is with respect to the genus of the family) and the one-level density (namely the 
support of the Fourier transform) is influenced by the error term, which is obtained from 
the Tauberian theorem after considering the poles as discussed. One important feature of 
the error term is its dependence on the degree of the primes with splitting/ramification 
conditions. This dependence raises delicate and nontrivial issues, as there are cyclic Ocovers 
where the zeroes of the zeta functions are related and their contribution to the error term 
is large, but they should not influence the average over the family as they are exceptional. 
These questions are not addressed in this paper, but are being considered in work in progress. 

Finally, we say a few words about our restriction to q = 1 mod i. We are interested 
in counting points on the curves Y l = F(X) defined over ¥ q . If q ^ 1 mod £, the point 
counting on the curves is trivial as every element in ¥ q is an t'tli power (in a unique way). 
Also, if q ^ 1 mod £, then the extension corresponding to the curve Y l = F(X) is not 
a cyclic extension, and the cyclic extensions of F fy (X) of degree £ do not come from those 
curves in the case where q ^ 1 mod £. 

We now outline the organization of the paper. In Section [2l we establish the notation 
and use class held theory to translate the counting of extensions to the counting of maps of 
the idele class group. We also prove a general form of the Tauberian theorem over function 
helds that we need to analyze the Dirichlet series for cyclic extensions of F (y (X) that is 
a slight generalization of a result in j Ros02j . In Sectional we define Dirichlet characters 
over Fy(X), and we prove analytic properties of some Dirichlet series that appear in future 
sections. In Section [J, we prove our main result, Theorem 11.11 In Subsection 14.11 we look 
at the particular case of f, = 2 where we can get the exact result for the the total number of 
quadratic extensions with hxed conductor, and the case with one prescribed ramihed place 
with a better error term without using the Tauberian theorem. Finally, we explain in Section 


6 

















[5] how to obtain statistics for the point counting over the moduli space of cyclic Acovers, and 
we compare our results with those of |BDFL10| . 


2. Background and setup 


In this section, we set up notation and recall basic facts from Galois theory and class field 
theory that allow us to rephrase our problem in terms of counting continuous homomorphisms 
from the idele class group of a function field to a cyclic group of prime order. 

Fix a prime £. Throughout the paper ¥ q denotes a finite field with q = 1 (mod £) elements 
and K = F C/ (X) is the rational function field over ¥ q . 

2.1. Notation. We will denote by Gk the absolute Galois group of K, that is the Galois 
group Gal(A" sep //l) of the separable closure of K. Let be the set of effective divisors 
of K. For each place v of K we will use the standard notations K v for the completion at 
v, O v for the local ring, k v for the residue field, and ir v for a uniformizer at v which we 
choose to be monic. Recall that the degree of a place v is given by degu = [k v : ¥ q \ and its 
norm is Nv = g deg A the number of elements in the residue field k v . Of course, for a place 
Vf associated to an irreducible polynomial / E FJX], we have that degu = deg/. For the 
place at infinity associated with the uniformizer it oo = 1/X, we have that deg Too = 1. 


2.2. From covers to field extensions. A Z/£Z cover is a pair (G, it) where F A P 1 is an 
Adegree cover map defined over K. Each Z/FZ cover (G, it) together with an isomorphism 
Z/RZ -A Aut(G/P 1 ) corresponds to a Galois extension L of K = F g (X) together with 
a distinguished isomorphism Gal (A/A') —>■ Z/FZ. We refer to such extensions as Acyclic 
extensions. The genus of the curve C is related to the discriminant Disc(L/A") via the 
Riemann-Hurwitz formula (see for instance [ Ros021 . Theorem 7.16]), 

2 g c — 2 = £{2g v i — 2) + deg Disc(L/A'). 

Since q = 1 (mod £), there is no wild ramification and each place v of K either ramifies 
completely, splits completely or is inert. Thus 


( 5 ) 


Disc(A/A') = l ) v 

v ramified in L 


and 


2 gc = (£ - 1 ) 


-2+ Y de s y ’ 

v ramified in L 


where the sum is taken over the places v of K that ramify in L. 


2.3. From field extensions to maps. Our translation from counting extensions to count¬ 
ing maps has two steps. First, by Galois theory, Acyclic extensions L/K with a distinguished 
isomorphism Gal(A/A") -4- Z/FZ are in one-to-one correspondence with the surjective con¬ 
tinuous homomorphisms Gk from the absolute Galois group of K to Z/FZ. By 

class field theory, the maps Gk —> Z/TZ are in one-to-one correspondence with the maps 
3k/K x —>■ Z/FZ from the idele class group of AT to Z/£Z. 

Since K contains all Ah roots of unity and (£, q) = 1 each Acyclic Galois cover is of 
the form K(yf]3), ..., K {\]by Rummer theory. These correspond to £ — 1 unramified 
surjective continuous homomorphisms Jk/K x —y Z/£Z, one for each generator of Z/TZ. 
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There is also the trivial map, which is also unramified everywhere. In terms of extensions, 
this corresponds to the 77-algebra K £ . In terms of covers of P 1 , this corresponds to the split 
cover that consists of £ disjoint copies of P 1 . 

Thus an Acyclic extension L/K of given discriminant corresponds to a nontrivial contin¬ 
uous homomorphism p : J^/A" x —> Z/£Z. 

Let 0 be a map 

(e) ♦i.pn °i -*■ z /® 

V 

which is trivial on the embedding of Ff in Of . Here 7r^ is the free abelian group 

generated by 71 ^ and the product is taken over all the places v including the place at infinity^. 


Remark 2.1. We remark that 0 and p are two different maps. 


The maps 0 and p are closely related via the following proposition whose proof can be 
found in |Hay74[ Page 90, Section 7]. 


Proposition 2.2. Let 

0 = 0oo <f>v ■ X Of ->• Z/.£Z. 

V 

Then 

(1) 7/0 is trivial on the embedding of F x in Of it has a unique extension to a map 

p : Jk/K* ->■ Z/£Z. 

(2) A place v of K ramifies in an i-cyclic extension L corresponding to 0 if and only if 
the map 0„ is nontrivial on Of. 


Thus the conductor of the map 0 is 

Cond(0) = u, 

v ramified in L 

which is also the conductor of the extension L/K. As there is no wild ramification, the 
discriminant-conductor formula (see for instance \'S06 . Section 12.6]) yields 

(7) Disc(L/A") = (£ - 1) Cond(A0A) = (£ - 1) Cond(0). 

In section Owe prove our main results by working with 0. For the remainder of this section 
we explicate the relationship between 0 and the corresponding L/K. First we address the 
global compatibility condition needed for 0 to extend to a function p defined over J k /K* 
and hence correspond to an extension L. Namely, that 0 must be trivial on the embedding 
of Ff in Of. Fix p G F ? , a generator of the multiplicative group Ff. Clearly 0 is trivial 
011 Ff if and only if 0(1, p, / 1 ,...) = 0 where the first component in the infinite vector 
corresponds to the identity element in the free abelian group 7 r^,. 

For each place v of K, we note that the map 0„ : Of —>• Z/7Z factors through Of /{l + 
n v O v ) = (O v /(n v )) x . Recall that degu = [O v /(n v ) : F (/ ] and thus 

O v /(pKv) = Fgdegu. 

“^Unless otherwise specified, we will continue using the convention that the sums and products over v 
denote all places including the place at infinity. 








For each v, fix a choice of g v G O v whose image generates Of /( 1 + 7 r v O v ) = (Fqdeg„) x and 
such that 

q degv_ 1 

n = g v ,_1 . 


Then 


0(1 


0((l ;y n,1,1,...)(1,1,^,1,...)•••) 

0(1,/h 1,!,•••) + 0(1,1, /i,1,...) + ••• 


^ 1 0t,(/i) — ^ ^ 4>v 



£ 


/ g deg „ _ x \ 

V ?-i ; 


0w(fi , u)- 


We note that 1 = q desv 1 + g degv 2 H - h q + 1 = deg v (mod £) since q = 1 (mod £). 

We have now proved the following proposition. 


Proposition 2.3. For each v let g v G O v as defined above. A map 0 : x ]0„ Of —> 7Lf FL 

is trivial on the embedding of F x in JOt, tf an d tf 


(8) ^2 4>v(gv) degv = 0 (mod £). 

v£Cond(4>) 

Thus, in order to count the extensions L/K with prescribed splitting/ramification condi¬ 
tions at places v of K = F g (W), it is necessary and sufficient to count the maps 0 as in (J6l) 
satisfying the global compatibility condition (JHJ) with corresponding conditions at places v 
of K, which we describe below. By Proposition 12.21 a place v is ramified if and only if 0„ is 
nontrivial on Of. Now we deal with the remaining two cases, inert and completely split. 

Proposition 2.4. Let 

0 = 0oo 0„ : TT^, x Of -> TLj£7L 

V 

and trivial on the embedding of F x in Of. Let 

ip : J k /K x -> TLfFL 

be the unique extension of 0 to the idele class group of K and let L be the £-cyclic extension 
of K corresponding to p. Let vq be a place of K different from Voo- Then we have the 
following: 

(1) v = vq or Voo ramifies in L if and only if the map 0„ is nontrivial on Of, 

(2) vo splits completely in L if and only if (f> Vo (Of ) = 0 and 

(9) 0co(7r~ deg,;o ) + 0»( 7r « o) = °> 

VpVO,Voo 

(3) Vo is inert in L if and only if <f> Vo (Of 0 ) = 0 and 

o, 

VpVO,Voo 

(4) Voo splits completely in L if and only if fi Voo (Of ) = 0 and ifooi^oo) = 0, 

(5) Voo is inert in L if and only if fivofiOf^) = 0 and 0 O o( 7r oo) 0. 
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Proof. Let <p v be the composition of p with the canonical map Kf —> Jk J k/K x . In the 
case where v is unramified, the map ip v is trivial on Of and therefore its image is dictated 
by p v (pKf) *= Thus the image is a subgroup of a simple abelian group and we have only 

two possibilities: either tp v is surjective or tp v is trivial. Since Frob„ corresponds to the vector 
with 7r„ in the v place and 1 elsewhere under the correspondence from class field theory, v 
splits if and only if tp v (n v ) = 0. 

Now, let v 0 7^ Voo be unramified. For the purpose of this particular discussion we denote 
elements in the ideles by vectors with the infinite component first and the Vq component 
second. Under this notation Vo splits if and only if <£>(1, ti V o , 1,1,...) = 0. Since ip is trivial 
on K x , we know that 

0 (p(jT Vo , 7T Vq , . . . ) ip ,1,...)T</?(1, 7tvo ,1,...)T</?(1,1, , 1, • • • ) T • • • 

=^(^ deg, ' 0 ! !,■■■) + !,•■■) + ¥>(!, Kvo, !,■■■) + 

+ ip( 1, 1, 7T„ 0 , 1, . . . ) + ip( 1, 1, 1, 7T V0 , 1, ...) + ... . 

Since we chose tt vo to be monic and val oo (7r„ 0 7r^ g ' ! ' 0 ) = 0, we have that 1,...) = 

0. Denoting by <^„ 0 (7r„ 0 ) the term tp(l, n VQ , 1,..., 1) where we recall the convention that the 
second place corresponds to Vo, we obtain, 

VLo (tt~ deg v °) + ip vo (tt „ 0 ) + <f> v (■ n vo ) = 0. 

VpV 0 ,Voo 

Since Vo splits if and only if <p Vo (ir Vo ) = 0, we see that: 

• v 0 splits if and only if 4 > V0 {Of 0 ) = 0 and 

(10) I’aofrZ?*'*) + M^vo) = 0. 

V^VO,Voo 

• v 0 is inert if and only if <p VQ (Of 0 ) = 0 and 

^oo(7r^ deg,;o ) + M^vo) ^ 0. 

V^V0,Vao 

If v = Voo we can read the splitting behavior from (p^Tioo, 1,1,...). Namely, we have that 
Voo ^ Cond(0) if and only if </>„ 00 (C ) * oo ) = 0. Therefore: 

• Voo splits completely in L when 0^(0*^) = 0 and ifooi^oo) = 0, 

• Voo is inert when (i) Voo {OfJ) = 0 and V’oo^oo) ^ 0. 

□ 

2.4. Generating series and the Tauberian Theorem. As in previous work, our strategy 
is to make use of the Tauberian theorem to deduce an asymptotic formula for the number 
of field extensions L/K with discriminant of degree n from the analytic properties of the 
generating series 

Gal(L/K)=Z/(.Z 

where T)(L/K) is the norm of the discriminant Disc (L/K). As mentioned above, since we 
are dealing with cyclic extension of prime degree £, the conductor-discriminant relation gives 

Disc(L/AT) = (£-!) Cond(L/K) <*=* ®(L/K) = N (Cond(L/A")) £_1 , 
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and it is more natural to write the generating series as 


E 

Gal (L/K^Z/iZ /gD+ 


where afif) is the number of cyclic extensions of degree £ of K = F y (AT) with conduc¬ 
tor /. We will then extend this analysis to study the extensions L that are counted by 
N(X/£7L, n; Vr, Vs, V/) as defined in Section [I] by understanding the generating series 

E 

Gai(x/if)aa/ffl 

v h ,v s ,v 7 

where the sum now runs over the cyclic extensions of degree £ that satisfy all of prescribed 
splitting/ramification conditions at the places of Vr U Vs U V/. Again, we will write this 
Dirichlet series as 

^/r/zn-s— V" a e(f,Vn,Vs,Vi) 

Gal(L/K)Si%/eZ fGV + ' 

Vr,V S ,Vi J K 


where afif, Vr >, Vs, V/) is the number of cyclic extensions of degree £ of K = F 5 (X) with 
conductor / that satisfy all of the prescribed splitting/ramification conditions. 

We now state and prove the version of the Tauberian theorem needed to analyze the 
Dirichlet series above. More generally, let A; be a positive integer, let a : Dfi —> C, and J-'(s) 
be the Dirichlet series 

-w \ _ W Q (/) 

( ) Nfks ■ 

We need a Tauberian theorem that will allow us to evaluate X]dcg/=n °(/) hi the situation 
when the half-plane of absolute convergence is Re(s) > 1/k for some positive integer k, 
and the function J-^s) has a hnite number of poles (of arbitrary multiplicities) on the line 
Re(s) = 1/k. This is a slight generalization of }Ros02l Theorem 17.1]. 

Since the function q~ ks , and therefore -F(s), are periodic with period 27ri/(A;logg), nothing 
is lost by confining our attention to the region 


Bh s s G C : 


m . . m 

< Im(s) < 


( 11 ) ,, 

( k log q k log q 

We will always suppose that s is confined to the region B k . 


Theorem 2.5. Let k be a positive integer, and let 0 < <5 < 1/k. Let a : Vfi — > C, and 
suppose that the Dirichlet series 

T( \ _ a (/) 

( ) Nf ks 

converges absolutely for Re(s) > 1/k, and is holomorphic on {s G B k : Re(s) > 5} except for 
a finite number of poles on the line Re(s) = 1/k. Let u = q~ ks and define F(u ) = J-'(s). 
Then, 

E “(/) = - E Res «^T + 0(,“"M). 

deg f=n \u\=q~ x 
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where 


M = max \F(u)\ = max |^-’(s)|. 

\u\=q~ kS Re(s)=5 

Proof. With the change of variable u = q~ ks , we have that 


F («) = 5Z S a tf) ) 

n=0 \deg/=n J 

and by hypothesis, F[u ) is a meromorphic function on the disk {u G C : |u| < q~ kS }, 
except for hnitely many poles with |n| = 1 /q. Let Cs = {u G C : \u\ = q~ k5 }, oriented 
counterclockwise. Choose any 77 > 1 and let = {u G C : |w| = g _7? }, oriented clockwise. 
Notice that is a meromorphic function between the two circles C v and Cs with hnitely 
many poles at |n| = 1/q. Thus, by the Cauchy’s integral formula, 

— I ————d,ij = V Res.. 

27 ri 


Cs+Crj 


U 


n+1 


■du = Res 
M =q~ 1 


“ ««*+! 


Since q 11 < q , using the power series expansion of F[u ) around u = 0, we have that 


1 

2,7ii 


£ ^ = - E <*/>• 

Cl) dorr f -ti 


deg f=n 


Therefore, we obtain 


y «(/) = - y Res u —-ri- H—— 

^ u „n+l 27T7 


u 

deg /=n |u|=g _1 

Let M be the maximum of |F(w)| over Cs- Then 

— i 


which proves the result. 


F(u) 


C s 


u 


n+1 


du. 


27 ri Jc 6 u n+l 


< Mq 


Skn 


□ 


3. Dirichlet characters and L-functions 

In this section, we define Cth-power residue symbols over ¥ q [X], We refer the reader to 
[Mor91( 1Ros02] for details. We then study the convergence properties of some auxiliary 
functions built out of the fth-power residue symbols that will be used in the proofs of our 
main results. 

Recall that £ is a prime such that q = 1 (mod £). Thus F* contains the £th roots of unity. 

In particular, bi = /x^ is one of these roots where /1 is a fixed generator of F*. For a place 
v 7 ^ Voo of K , we also let v = v(X) e FJX] represent the monic irreducible polynomial in 
K x corresponding to v. We define the Cth power residue symbol as follows. Let 

(-) ( : (F,[Jr]A>(V))* -*■ F* 

be defined by 

(mod v ). 

In other words, the £t\i power residue symbol is given by an £th root of unity. 
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Recall that the choice of /i made in Section 12.31 determined for each place v a generator g v 
of 


(0«/(*„)) x = (F„[Jf]/(t>(.Y))) x - (F, a .«.) x 

q deg ”-l 

such that n — g v 9-1 . We have 


q de S v_ 1 

gv 1 


qdegu-j 

9v 9-1 


i-i 


3=1 , 

= n e = h 


’£■ 


By the definition of the £th power symbol, 

(—) = bn (mod r). 
V v /1 

We let a be an border character from F x —> C x . Then, 


Xvl :=ao (-) 

\V/ £ 

is a Dirichlet character y : F g [X] —> C x of modulus v, where we define Xv/(f( x )) = 0 if v{x) 
divides fix). 

For the infinite place Voo, we further dehne 


( 12 ) 


Xv,(.iy°o) 


1 degv = 0 (mod £), 
0 degu^O (mod £). 


For x a nontrivial Dirichlet character, we denote by L(s, x) the Dirichlet L-function 


L(s,x) 


v x{F) 

2-^ i_pis 
FGF 9 [X] 1 1 

F monic 


where F varies over the monic polynomials of F ? [X], and by L*(s,x) the completed L- 
function that includes the place at infinity. For a Dirichlet character modulo a monic poly¬ 
nomial v, we have that 

L*(s, x) = (i - q~ s )~ Xv L(s, x), 

where A„ is 1 if degu = 0 (mod £), and 0 otherwise. 

Then, for y nontrivial, we remark that both L(s, y) and L*(s, y) are analytic and non-zero 
for Re(s) > 1/2. 

By fhpower reciprocity, we can write this character as 

(13) XvA v o) = ° ° (^) f = ^((-l)(''- 1 )F) dcgl ’ odcsi ' J = ^ V0 Av)Xv 0 A v )i 

where Xv 0 ,e( v ) is the Dirichlet character modulo u 0 defined above, and v I / , ;o y(u) depends only 
on the degree of v. 

If v — Voo, let a n be the principal coefficient of /. Then we dehne 

f cr(a n ) deg / = 0 (mod £), 

\ 0 deg/^0 (mod €). 
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XvooAf) ■ 






We note that the above definition together with agree with Gpower reciprocity in the 
following way 


(14) 


x«A v *>)= ((- 1 ) 1 ’ 


1 degv = 0 (mod £), 
0 degw ^ 0 (mod £). 


We have used that v is a monic polynomial, which implies that Xv<x,,i(v) = 1 when £ | degu, 
that degUoo = 1, and that ((—l)te-i)/^ egl = \ when £ \ degv and q odd, and is trivially 1 
when q is even since then we have even characteristic. 

Finally, we remark that by the above, the Kronecker symbol codifies ramification in ex¬ 
tensions in the usual way. Let / G F g [X] (not necessarily monic). Then, 


{ 1 v splits in K (Ff), 

for some 1 <k < £ — 1 u is inert in K(\Tf), 

0 v ramifies in 

where ^ 6 € is a primitive ftli root of 1. 

We now proceed to prove convergence results for Dirichlet series and similar functions. 


Lemma 3.1. Let x be a nontrivial Dirichlet character and let T be a function on F g [X] such 
that v h(F) = T(G) when deg F = degG. Then 


L(s, »x) 


W UFUF) 

2 -^ |_p|s 

FeF g [.Y] 1 1 

F monic 


is an analytic function on C. 


Proof. Let 

A(n,*, X )= E *( F M F )■ 

V q [X\, 

F monic, 
deg F=n 

Then L(s, Ty) equals 


(15) 


^,x) 

/ J qUS 

n=0 H 


We note that 

^(n,tt,x) = *(G) ^ X (F) 

Fe w q [x], 

F monic, 
deg F=n 

for any polynomial G of degree n, and thus A(n, \P,y) = 0 if n is greater than or equal to 
the degree of the modulus of y by the orthogonality relations of characters. This implies 
that the sum in (IT5]) is finite and therefore L(s, Ty) is analytic. 

□ 


Lemma 3.2. Let G be a primitive £th root of 1. Let Vr, Vs and Vjj be finite subsets of places 
of Vk such that Vs = {iq,..., v n } C Vjj, and Vu D Vr = 0 . For each 0 < j < i — 1, and 
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each tuple (k ±,..., k n ) ^ (0,..., 0) with 0 < ki < £ — 1, let 

Vij, Vs, Vu ) 


n h++•••+«. 


(^—l)j degu 




v&VrUVu 


h=l h=l 

Then, each A4j,ki,...,k n ( s ',VR,Vs,Vu) converges absolutely for Re(s) > and has analytic 
continuation to the region Re(s) > 2 {c-i) • 

In the case where we have only one place no £ Vk with prescribed ramification eo € 
{ramified, split, inert}, we will denote the above function by 

(16) Mj } k{s-,v 0 ,e 0 ) := Vfl, Vs, Vj/). 

Proof. For the absolute convergence, we have that the convergence of Y\ v (f-+{£— 1) | |) 

is equivalent to that of ^ ^_ 1} and this convergence follows in the same way as the ab¬ 
solute convergence for the zeta function Ck(s) in Re(s) > 1. 

For the analytic continuation, we write 


M j: ki,...,k n (s', Vr, Vs, Vu) 


i -i 


=c] M .*»n n 

*=1 v^VrVJVu 




- Cj,k u ...,k n ( s , 


l-l 

n n 

1=1 v^VrUVu 


h= 1 
n 


-1 


i-e 


ij deg v 




-(t-1 )s 


h=1 


where we have used f-power reciprocity (113]) . and where Cj k ,k n ( s ) an d Cj,k 1 ,...,k n ( s ) are 
analytic functions for Re(s) > l/2(£ — 1) as the Euler products converge absolutely in that 
region. For each 1 < i < £ — 1, each 0 < j < £ — 1 and each tuple (ki,, k n ) as above, we 
have that the functions 

-l 


J i,j,ki,...k„{ s ) || 

v^VrUVr 




ij deg v 


I y„ h ,M ith X„ h t(v) ith Nv 


-(<-!)* 


h =1 


— L(s\, '&i,j,ki,...,k h Xi,j,ki,...,kh) 

are twisted Dirichlet functions as in Lemma 13.11 where s\ — {£— l)s, 


^ i,j,k 1 ,...,k h { v ) — £/ 


ij deg v 




Av 


\ik h 


h=l 


Xi,j,ki,...,khi v ) |_ J_ Xvh,i ( v ) h - 


h= 1 

Then, \E ’i,j,ki,...,k h ( v ) depends only on the degree of v, and Xi,j,ki,...,k h ( v ) is a nontrivial Dirichlet 
character since 1 < * < £ — 1, (ki,, k n ) 0 and the product is taken over different places 
so that there is no possibility of cancelation. Applying Lemma 13.11 this completes the proof 
of the analytic continuation. 

□ 
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Let C,£ be a primitive it h root of 1. We now prove a result bounding the meromorphic 
continuation of the functions 


(17) *4(s) := Yl (1 + - l)Nv-^ s ) 


(is) B{ s ) : = n(iH^ + --- + tr )d nNv-^) 

V 

on the line Re(s) = + £ i f° r an y £ > 0. We remark that the Euler products converge 

(absolutely and uniformly) for Re(s) > jfj. 

Unless otherwise specified, we continue to use the convention that all the sums and prod¬ 
ucts over v include all places, including the place at infinity. 

Lemma 3.3. Let 0 < e < 2 (i-i) • The functions *4.(s) and B(s) have meromorphic contin¬ 
uation to the region Re(s) > 2 {i-i) + £ > ani ^ their only singularities in this region are poles 
on the line Re(s) = W-. Furthermore, both functions are absolutely bounded on the region 
2{i-i) < R- e ( s ) < — £ - 

Proof. For Re(s) > U-j-, we have 

.A(s) = Yl (1 + {£ - l)Mr ( *“ 1)a ) 

V 

= c K((i -1 )sY~ 1 jj (i + [i -1 )n v - (£ - i)s ) (i - Nv-^-^y- 1 


c K ((i - l)s) £_1 Yl (! + - 1 )Nv- {e ~ 1)s ) (1 - (£- 1 )Nv~^- 1)s 

1 ' Nv~ 2 ^- 1)s + Nv-^ e ~ 1)s O e (1) 


= C(s 


c^-i),)-n u- 

V ' 

C(s)C K ((t - 1 )s) 1 -' n (1 - Nv 

V 

C MI - 1W'- 1 


Nv -m-r,, + Nv -3(t-i), 0[ ^ j 




l-l) 


CkW-i)s)^- 

where C(s) is analytic for Re(s) > + £• Thus for s = 2 ^_^ + £, as e goes to zero 

the function Ul(s) converges to zero, and the result follows. The poles are given by those of 
Ck((£ ~ l)s), namely s — l/(£ — 1), with multiplicity i — 1. 

Similarly, for Re(s) > we have 

B( S ) = n( i + ttf g « + -+r i)d< ‘^-«'- i, ‘' 


i-i 


i-i 


n z itK<“)iK i+ KU”+•••+«, 

j=l v 


(l-l)de S Vj Nv -(l-l)s 


l(i-ei desv Nv-^ s y 

3 = 1 


16 
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where u = q V ^ and Z K (u) := (1 _ gM ) (1 _ M) 
Thus, we have, 


is the zeta function of K. 


where 


l -1 


3 = 1 


b ( s ) = n^(d«)n i +K?"'+--+r i)d ' t ”)^-M- 


X 


JI( 1 - (tf eg,; + • • • + ct 1)degV )Nv-^ s 


deg v^j deg v j 

l<i<j <£—1 / 

«-l 


Nv~ 2 ^~^ s + Nv~ 3{e - 1)s O e (l) 


C(s) n M£>) 11(1 I cfCJAft,- 2 *'- 1 )*) , 


3 = 1 


E 


deg i; 


cw = - (er”+•••+«) 

E R deg ?; j deg v 

(HL^L £\degv,£>2 , 

= < 0 £ { degn, £ > 2, 

[-1 £ — 2 , 

and C(s) is analytic for Re(s) > + £ - Thus for s = y + £, as £ —» 0, the function 

B(s) converges to 0, and the result follows. 

The poles are those of Z K (^u), namely, poles of order one at s — - • 

□ 


4. £- Cyclic Extensions 

In this section, we give the proofs of the main results of this paper. We will continue with 
the notation introduced in the earlier sections. Recall that for a fixed prime £, N{%/£%,n) 
denotes the number of extensions of K with Galois group Z/£Z such that the degree of the 
conductor is n. As before, (rC stands for a primitive £tli root of 1. 

We start by proving the first part of Theorem 11.11 

Theorem 4.1. Let £ e Z be a prime. We have 

(19) N{ Z/£Z,n) = C £ q n P e (n) + O (g(^ n ) , 

where Pe(X) € M[A"] is a monic polynomial of degree £ — 2, and where C £ is the non-zero 
constant given by 

(1 ~ q~ 2 y~~ l TTTT f i_ JQ- 2degV 

(£ — 2)\ (1 + g- de s w )(l + jq~ de z v ) 
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Proof. To compute 7V(Z/£Z, n), we consider the Dirichlet series J-’(s), which is the generating 
function with an added constant, namely, 

Y B (L/K)-. 

Gal{L/K)^Z/a 


We claim that 
£-1 

T( S ) = 

3=0 V 

= n 0-+( £ - i)Nv-^- i)s )+(e -1) n (i+fe deg "+• • •+ $- i) * Bsv )Nv- ( - e - i '> 8 ') 

V V 

= A(s) + {£-l)B(s). 

Indeed, by Propositions 12.21 and 12.31 the extensions L/K are in one-to-one correspondence 
with the maps 0 : Tr/f x \\ v Of —> 7L/£7L satisfying (jHJ). Let Cond(0) be the conductor 
of such a map 0, and v a place of the conductor. In the first line above, the zth term 
£ijdegvjy v -(£-i) s - n eac p jr; u i er product corresponds to the map where <f v {g v ) = i for 1 < i < 
£ — 1. Therefore, considering all the places v of Cond(0), the term in the jth Dirichlet series 
above corresponding to the global map 0 equals 

deg,\ x iV (Cond(0))-^- 1 ) s 

for 0 < j < £ — 1. Thus the sum of those terms over the index j yields ftV(Cond(0)) _ ^ _1 ) s 
if f v (g v ) degv = 0 (mod £) and 0 otherwise, and we recover (JHJ). Notice that the £ 
factor multiplying iV(Cond(0))”^ _1 ^ is accounting for the different extensions with the 
same conductor K(f/~j3j ),..., K[fJ /^ _1 /) for 0 G F* not an ft.h power. Similarly, 

the constant £ in the definition of £F{s) accounts for the extensions K{ffff ),..., K(fj/3 e ~ is ) 
for 0 G F* not an fth power, as well as the A"-algebra given by the completely split cover. 
Using the identity 


l + / ju 2 \ 

(:i + uY - 1 IJv (i + u)(i + ju)J’ 

we write 

.A(s) = JJ (1 + - 1 )Nv~^- 1)s ) 

V 

( <x((e- 1)«) V^nnb_ \ 

~ \( k (2(( - 1 )s)J ft ft V (1 + Nv-V-'I’K 1 + jNv~V~V>) J ’ 


where the absolute convergence of the infinite products for Re(s) > follows from that 

Sd iy v 2(e-i)s • 
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We also write 

b(s) = ]j (1 + (ef®” + • • ■ + 

V 

(l + (ZT SV + • • • + ^- 1)desv ) N ^~ {£ ~ 1)s ) 


7-1 


=nn (i+e, desv Nv-^ s n / x 

Vii v J v n; = l (i+ zi^Nv-v-v*) 

where the absolute convergence of the inhnite products follows in the same way as the 
products appearings in *4.(s). 

Recall from Lemma [3731 that *4.(s) is a meromorphic function on Re(s) > with a pole 

of order £ — 1 at s = in the region B^_ 1 as defined in (HID . The function B(s) is also 
meromorphic in Re(s) > y with simple poles at Sj = q for \2j\ < £ in the 

region B(_\. 

We set u = g _ W 1 )s j and write A{u) := *4(s) and B(u) := B(s). Thus, 

' j= 1 V ' 


l -1 


(1 - qu) J 1J f 11 (1 + u de z v )( 1 + ju de z v ) J ’ 

(i + (e? es " + ---+d^ 1)des > des,; ) 


b ( u ) = TT TT (! + (&) degv ) TT 

A „ A i=i u n£i (1 + &) deg *) 

i~ i 


TT Zk{Z{u) TT (l + b(v)u dcgv ) 

11 7 (C 2 K,2\ II 


fi zk(&u*) 11 n ,t; (i+ (e e u) d ^) ’ 


where Z K (u) = ( 1 _ g 4(i_^) and & ( w ) = ^ + ''' + 

Fix any 5 with ^yrij < <5 < jzj- Then A(u) and B(u) are meromorphic functions on the 
disk {u : |w| < q~ 5 }. We see that A{u) has a pole of order £ — 1 at u = 1/q and B{u) has 
(£ — 1) simple poles at u — (qZl)^ 1 for j = 1, • • • , £ — 1. Then, applying Theorem 12.51 and 
Lemma 13.31 to J-(s) = *4.(s) + [£ — 1 )B(s) with 5 = y + e for e > 0, we have that 

(20) jv(z/«, n) = -R«w>^r - E + 0 (t 1/2+ ' ) ") ■ 

3 = 1 

We compute, 

A(u) 


ReS W* u n+l 

1 d e ~ 2 _ l t _! 1 {{l - qu 2 )(l + u) 

= hm . (732)7- 9 > ^ (— 


u^q~ 


= lim 


gw) 


7-1 7-2 

nn(> 

i=i v 


ju 2Ae ^ v 


1 c^ 2 ^(-(l-gu 2 )(l + u))^ JJJJh 

j = l V 


«-^-i (£-2)!d^- 2 


g7-l y n+l 




(1 + M d eg^)(l + j M deg, 

2 deg v 


(l + M de s R )(i + j M de g R ) J ' 
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Let 


( 21 ) H t (u):= 


Res„ = „- 


(£- 2 )! 
pro 
A(u) 


{-{l-qu 2 )(l + u)Y 


Q 


A-l 


nnL 

j =1 V 


ju 2degv 


(1 + U degv )(l + ju degr 


Then, using the product rule for derivatives, we get 

i-2 


q U n+1 u^tq- 1 




i=0 

1—2 


d 


t-2-i 


Mu) 


lim 


u^q 


i -2 

E 

i=0 


i=0 


— 2 


<du* \ u n+l ) du l ~‘ 2 ~ lj 
i- 2\ (-l)*(n + 1) • • • (n + i) d £_2_ * 


U 


n+i+1 


, .(-!)>+ 1 ) •••(" +<)« 


r H-2-i 

n+ * +1 -- 


which proves that this residue is given by a polynomial in n. 

We take a closer look at the main term of this polynomial, which is the dominating term 
when n —> oo. We obtain 

A{u) 1 (—l)^ _2 (n + 1) • • • (n + l — 2) ({—(1 — qu 2 )(l + u))^ 1 ' 


Res„. = „- 


u ~ q ~ u n +1 uM(£-2)\ 

1-2 


JU 


u 


2 deg v 


n+l-1 


q 


?—l 


><nn b 

j = 1 V V 

,1-2 t- 2 


(1 + u degv )( l + J udegv ) 

n^d-,-y-vnn(i- 


(1 + 0(l/n)) 


n 

(T-2)! 


3 = 1 v 


jq-2degv 


(1 + q~ degv )(l + jq~ degv ) 


(l + 0(l/n)). 


Res 


For the other residues, coming from simple poles, 
Bin) 


u=(qd°) 1 n.n+1 


lim («- g-’g”) tt a - + e,u) n (i+ 

“" +1 fi (i-9S«) R n':i (1 + Kk)-" 6 ”) 


lim vi-^fv)(i+gvi (i - 9 gV)(i+ Qu) n (i + nv) U ^) 

,™-» (i-?g«) R n'd l 1 + Kb)- 81 ’') 




«-i 


= -( 9 gT(i-v 2 ) n (1 ~ + v‘g" J °) JJ (1 + i»M(<rVT° 8 ") 


(i - er K ) 


nti (i + ( 9 -'g-*) d ««-) 


i=ijVio v ■** 7 « aa j= 

We note that the line above is 0(q n ) and it contributes to the constant coefficient of Pg( n). 
Replacing the residues in (1201) with the equations above completes the proof. □ 

In spite of the fact that Corollary 11.21 can be deduced from the statement of Theorem 11.11 
we will prove it first and independently of Theorem 1 1.1 1 as a way of introducing the key ideas 
in the proof of Theorem 11.11 The case of v ramified and £ = 2 will be discussed later, in 
Section 14.11 
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Recall that 


i-2 


( 22 ) 


C<= (l^l nn(l 


jq-2degv 


(*-2)! Mivi ^ (l + q- desv )(l + jq~ desv )J ' 


Proof of Corollary [TH Since Vo is ramified at a cover L/K if and only if no divides Disc (L/K), 
the generating function for the number of extensions counted by NifL/CL , n) that are ramified 
at v 0 is 


•FflM = E ® wk )- 

Gal(L/K)*£Z/£Z 
vo ramified 

= (£ - l)Nv~ (£ ~ 1)s Yl (1 + - l)iVv' (£_1)s ) 


v^vo 


+(£ - 1 )b(v 0 )Nvf {£ ~ 1)s n (! + b(v)Nv~^ a ) 

vjtvo 

{£ - l)Nvf {£ ~ 1]s ... b(v 0 )Nvf {i ~ 1)s 




=7i=i^(«) 


1 + (£ - l)7Vuo (<_1)s 1 + 6(u 0 )AD; 0 - ( ^ 1)s 

where we have excluded the case 4> V0 (gv 0 ) = 0 to account for n 0 ramified as stated in Propo¬ 
sition 12.41 

With the change of variable u = we obtain 

F R (u) = A(,) + (* - 1) y" B( U ). 

v ; 1 + (£- l)n deg,; ° v ’ y J 1 + b(v 0 )u de s v ° V ’ 

Then, applying Theorem 12.51 and Lemma 1X51 with <5 = + e for any e > 0, we get 

(£ - l)n degt;o A(u) 


NifLjCL, n, n 0 , ramified) = — Res u=(? -i 


1 + (£- 1 )^ 8 ^ U n+1 

3 = 1 


B(u) 


<iB e ) 1 1 + b(v 0 )u Ae ^ V0 u n+l 


+0 (V^ +£ ) n ) • 


For the residue involving the function A(u), we have 

(£-l)n deg,)0 A(u) d l ~ 2 (£-l)u desv ° Htiu) 

es u=g -i 1+ l^degvo U n+1 - du l ~ 2 1 + (£ - 1 )u de s v ° u n+1 ’ 

where H(fu) is given by ff 2 Tj) . This yields 

(£-1 )u degV0 A(u ) 
eS “ =9_1 1 + (£ - l)tt d eg «0 u n+1 


l-2 

E 

i =0 


-2 


( — l)*( n + 1) • • • ( n + i)q' 


.ti+i+1 


d l 


—2—i 


{£ - l)tt deguo 


du^-2-i 1 + [i - l) M deg 


VQ 


-HAu) 
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and we obtain the polynomial in n as in the case of the proof of Theorem 14.11 As before, we 
record the main coefficient as the term dominating when n — > oo to be 

[l — l)u desv ° A(u) 

CSu=q ~ 1 1 + (£ - l) M deg^o u n+l 


n 


1—2 


{l- 1 )q~ de s v o 


= -a 


{i-i )q 


- deg vo ( j 


1 + (£ - l)q~ de sv 0 


imp 


j =i « 


jq-2degv 


(1 + g-deg^)(l -)- jq-degv^ 


(1 + 0(l/n)) 


gV- 2 (l + 0(l/n)). 


1 + (£ - l)g-degt>. 


For the residues involving the function B(u), we notice that, since the poles are of order 
one, 

b{y 0 )u d ^ v ° B(u) _ b(v 0 )( y q^ e )~ desvo B(u) 

es «=(?£{) _1 1 -f b(v 0 )u degVo u n+1 1 + b(v 0 )(q^i)~ degv ° eSu=( ' q ^ 1 u n+1 ' 

The number above is equal to 0(q n ) and it will contribute to the constant coefficient of the 
polynomial P/?(n). This proves the result for the number of extensions ramifying at Vq. We 
now consider the case of extensions splitting at vq. First, we write the generating function 
for the number of extensions of K unramified at w 0 as 


Ms) 


£+ M/K)~ s 

Gal(L/K)=Z/£Z 
vq unramified 

e n ( x +{& degv +• • •+ 

j =0 V^VQ 


[ (1 + (£ - l)Nv~^~ 1)s ) + {£ - 1) JJ (1 + b{v)Nv-^~ 1)s ) 

V^VQ V^Vq 


l + {£- l)Nv t 




(■«-i) 


Z77Z 


1 + b(v 0 )Nv- {e ~ 1)s 


Using the notation of Section [3] recall that be = p q « where p is a generator of F* (hence 
be is an £th root of unity in F*), and cr : F* —* C is a character of order l. Let pe = cr{be), 
which is then a primitive fth root of unity in C. For each v ^ Vo, , denote by n v a positive 
integer such that the image of Vo in (O v /(7r v )) x is g™ v . Then (p v (v o) = n v (j) v (g v ). Hence by 
Proposition 12.41 ?;n is unramified and split if and only if (j) V0 (O* Q ) = 0 and 


-(degn 0 )V , oo(7Too) + MM) = 0 (mod £), 

V^V0,Voo 


which is equivalent to 

-(degucOyoohroo) TT n v (j> v (g v ) _ 1 
Pe H cV ~ L 

V^V0,Voo 

for the primitive fth root of unity pe coming from the choice of primitive root be E F* that 
we fixed in Section [3J 
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Thus Vq 7 ^ Voo is unramified and split if and only if 4> V0 (O* Q ) = 0 and 


(23) D(v 0 ) := [] XvJ ( v „)*<»•> = 1. 

V^V 0 ,Voo 

Since D[v o) is a fth root of unity, we can rewrite (1231) as 


(24) 


£_1 / 

1 s,- I 1 if Vq is unramified and split, 

= 0 oth 
3=0 t 


and this is the criterion that we will use in the generating series. 

Analogously, we also have that v^ is unramified and split if and only if (f) Voo = 0 and 


-(deg Poo )'0oo (^ 00 ) -j 

Pi — 


since degUoo = 1. 

We claim that the Dirichlet series for cyclic extensions splitting at a fixed place Vq 7 ^ v^ 

is 

H-! £-! £-1 

= pEEE^""’* 

j= 0 k= 0 r=0 

x n (> + (& degv x»X"o) t + ■ ■ ■ + 

V^VO,Voo 

x (1 + (e e desv - + • • •+ef _1)Jdeg,;oo ) Ar ^ _1)s ) • 


Recall by Propositions 12.21 f2.3l and l2~4l the cyclic extensions splitting at a fixed place Vo 7 ^ Uoo 
are in one-to-one correspondence with the maps 0 : 7 r^, x W v O* —» Z/TZ satisfying (JHJ), 
together with the splitting conditions (1231) and 0„ o ( O* o ) = 0. Let Cond(0) be the conductor 
of such a map 0, and v a place of the conductor. For each fixed j, k, r in the first line above, 
the Ah term pJ rkdesv °C£ degV Xv,£( v oY k ^ v ~^~ 1 ^ s in the Euler product corresponds to the map 
where 0„(g„) = i and V’oofVoo) = r, for 1 < i < i — 1. Considering all the places v of 
Cond(0) (including v^, which is accounted for in the last line of the equation), the term in 
the j, k, rth Dirichlet series above corresponding to the global map 0 equals 

f^p v 3M9v)deg v ^ Xp jrkde gV0 JJ Xv>e ( Vo ) k M9«) x N ( Cond(0))- (< " 1)s . 

V^VO,Voo 

Summing over j , we obtain zero unless condition (JHD is satisfied. Summing over r covers all 
the possible values of 0 O o( 7r oo)- Finally, summing over k yields zero unless condition (123|) is 
satisfied. Thus the sum of those terms over k , j , together with the correcting factor i will 
yield iV(Cond(0)) _ ^ _1 ) s if both conditions (JS]) and ()23l) are satisfied and zero otherwise. 

We also remark that the constant term of J-s(s) is i if t | degwo and 1 otherwise. 
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When Vo = Voo, we have, 

i—1 i~\ t— 1 

M*) = n ( i +(ff* g ''+---+«r i)3 ' d " ! ’')iv>'- (< - i> ') 

j =0 k =0 t —0 v^Voo 

= )EIl ( 1 + ® d ” + ’- + = \ Ms)- 

j=o V^Voo 

By considering the dehnitions of Xv x ( v ) and Xv{ v oo), the previous two formulas can both 
be written as 

1 e-i i -i i-\ 

Ms) = ? ££5>r'‘ d * g ’" 

j =0 k =0 r =0 

x n o+K! i,, *vw*+• ■ ■+, 

vjtv 0 

which is valid for any place Vq- 

Separating the term with k = 0 from the terms with k ^ 0, we obtain, 

Fs(s) = ~ } Fi j{s) 

Pi rfcdcsi,l A Mj, k (s, vo, split), 

j =0 fc=l \r =0 / 

where A4j t k(s, Vo, split) is given by (JT6J) . 

Applying Theorem 12.51 and Lemmas 13.21 and lT3l to the generating function Ts(s), we get 

1 1 A(u) 

N(Z/eZ,n,Vo, split) = --Res,,,,-, t + _ 1)m ^ w u „ +1 

e _ ~ 1 A Res __1_ 

i u-i&q) 4(1 + b(vo)u degv °) u n+1 

+0 (g (1 / 2+£)n ) . 


As before, the residue involving the function A(u) yields q n times a polynomial in n of 
degree £ — 2. The main term when n goes infinity is given by the leading term of the 
polynomial, and is 


1 A(w) 

C& “ =9_1 £(l + (£- l) U deg«o) u n+1 


= -Ciq n n 


n„£—2 


£(1 + {£- l )q-degv 0 y 


Similarly the value of 


Res 1 M) 

n-(e e q) 4(1 + b(v 0 )u de z v °) u n+l 


is 0(q n ) and it contributes to the constant coefficient of -Ps(n). 

24 












We now consider the Dirichlct series for cyclic extensions for which a fixed place Vq is 
inert. It is given by 

Fi{s) = Fu{s)-F s {s) 


i -1 


= ^ n i 1 + (& degv +• • •+ &- i)jdeev ) nv-v- 1 * 

j =0 v^vo 
t-1 l-1 l-1 


-p E £ £ P‘'' kd ’ gv ° II l 1 + + ■••+«, 


-rfcdeguo TT f 1 _l _l_ degV X v e(v 0 )^~ 1 ' )k )Nv~^ 1 ' >S 

j= 0 /c=0 r=0 v^vq 


(t- 1 ) 


€-1 


J =0 V^VQ 


sz n i 1 +ui des "+• • •+er i)jdes,j ) nv-v- i)s 


i-\ i -1 £-1 


~ E E E ^" rfcdeg,;o n i 1 + & desv xvAw) k + • • •+ zr 1 )Jdegv xvAvof- 1 )k )Nv-^ s 

j= 0 /c=l r=0 v^vq 


The main term is given by 


£ 


: ^4(s) + 


^ l 1 + {£ - 1) Nvo {i ~ 1)s 1 + b{v 0 )Nvo {t ~ 1)s 


B(s) 


The proof proceeds exactly as in the split case. In particular, this proves that 
N(Z/£Z, n, v 0 , inert) = (£ — 1)N(Z/£Z, n, vq, split) + O (g^/ 2+£ ) n ) . 

This concludes the proof of Corollary 11.21 □ 

We are now ready to prove the main result. 

Theorem 4.2. Let Vr, Vs, V/ be three finite and disjoint sets of places of K . Let 

N{Z/a, n; Vfl, V 5 , V 7 ) 

be the number of extensions of¥ q (X) with Galois group Z/£Z such that the degree of the 
conductor is n ; and that are ramified at the places ofVn, (completely) split at the places of 
Vs and inert at the places of V/. Let V = Vr U Vs U V/. Then, 

N(Z/£Z,n;V R ,V s ,Vi) = Q ( J] cJ q n Pv R ,v s MA + O (g^ +£ ) n ) , 


^ev 


and 


N(Z/tZ, n; V R , Vs, V/) 


fe c ”) ( 1+ °(" 


N(Z/£Z,n) 

where Pv R ,v s ,Vi(X) G M[X] is a monic polynomial of degree £ — 2 and Cg is given by 


C f = 


(1 — g~2)^— 1 e ~ 2 / j n -2degv 


nn > 


(«- 2 )! VWA’ ( 1 + ,-**->)(!+ J,-**->);• 
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In addition, 


( (£-l)q~ d ^ v 

1 + [I- l^q~ de s v 


£( 1 + (£- l)q~ degv ) 
£-1 


U(1 + {£- l)q~ degv ) 


ifve V R , 
ifve Vs, 
if v g V/. 


Proof. Let Vu = Vs U V/. 

We first construct the Dirichlet generating series with prescribed conditions for Vr, Vu, 
and Vs = {ui, ... ,v n } <Z Vu- In other words, for the elements v G V/ we will only prescribe 
that they are in Vu and we will ignore the inert condition for the moment. We claim that 
the generating series is then 


^"Vr,VsCV(7 ("S) 


i -i z-i 


i -i z-i 


£n+l 


EE-IEft 

j= 0 fci=0 fcn=0 r=0 


-r J2h= l k h deg v h 


X 


n i + +•••+«, 


(^—l)t deg v 


I XvAv h ) {i - 1)kh Nv~^ s 


v^VrUVu 


h=l 


h= 1 


X 




vGVr 


Nv~^~ 1)s . 


Let us prove that the above formula is correct. Recall by Propositions 12.2112.31 and 12.41 the 
cyclic extensions which are ramified at the primes of Vr, unramified at the primes of Vu and 
split at the primes of Vs are in one-to-one correspondence with the maps 0 : 7r^ x n V ^V ^ 
Z/£Z satisfying (|8l) . together with the ramification conditions: 0„ is nontrivial on Of for 
v G Vr, f v (Of) = 0 for v G Vu, and the splitting conditions (j23j) for v G Vs- Thus consider 
all the possible choices of parameters ({r„} ,r) where 0 is determined by setting (j) v {g v ) = r v 
and o) = r hr such a way that 0 is ramified at the primes of Vr, unramified at the 

primes of Vu and split at the primes of Vs- Therefore we have 0 < r v < £ — 1 for all v G Vr, 
and r v = 0 for all primes of Vu- For each fixed j,k \,... ,k n , the map 0 with parameters 
({r„} ,r) corresponds to the component 



-r YX= l k h deg V h £jr v deg v 


I wW"** 


KV^VrUVu 


h= 1 



x AT(Cond(0))- (£ - 1)s 
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of the Euler product. Summing over all j,k±,... ,k n , we obtain that the coefficient of 
A^(Cond(0)) - ^ -1 ^ is given by 


E -rfcn deg v n TT \r„fc„ 

Pi l[XvA V n) 


X 


i -1 \ / i -1 

E -rfci deg vi TT 

Pi Xv,l 

fci=0 v / \k n = 0 

-1 > 
y E„|Cond(0) rv deg v 

d =0 

* +1 if E„|Cond(<« r v deg w = 0 (mod £) and 0 is split at Ui,. .., v n , 
0 otherwise. 


We now write the generating series as J r v fl ,v s cv C /(’S) = jr Vfl,v s cv c/ ( s ) +- 7r v fl ,v s cv i7 ( s )’ where 
the first series contributes to the main term and the second to the error term. Taking 
(h, • • •, k n ) = (0,..., 0) in -Tv fll v s cv C7 (s), we have 


^ r v J? ,v s cv c/ ( s ) -win 


(e - 1 )n v -m s 


n 


n l XX l + 11 l + (f-lW„-(M) 

vGVr v ' vGVu ' ' 




+(«-!> n 


b(v)Nv 


-(£- 1)5 


n 


1 + b(v)Nv ^ 1 + b(v)Nv 

vGVr v ' vG Vu V y 


B(s) 


where as usual j = 0 gives the function Vl(s) defined by (fI7|) and the other values of j give 
£ — 1 copies of the function B(s) defined by (fTSlh 

Taking (k u ..., k n ) ^ (0,..., 0) in J r v H ,v s cv ( /( s )) we liave 


^ £-1 £-1 

Wv*cv„W = jstE E °W M iM *„(<<; V B ,V S ,V„) 

j =0 ki,...,k n =o 


where 


£-1 


G ( s ) = p~t 


~ r Y£h=l k hdegv h 


[ Ui degv + • • • + ^~ 1)jdeRV ) Nv~^ s 


r =0 


vGVr 


is analytic for all s 6 C, and where for each fixed vector (Ay,..., k n ) ^ (0,..., 0), and for 
each 0 < j < i — 1, we have that 


Mj t k 1 ,...,k n {s] Vr, Vs, Vu) 

( / n n 

i + s des ” n ww‘*+• ■ ■+£r iyde! ” n ww i '-* 

\ h= 1 h=1 

as defined in Lemma [3.21 

Let TV^Z/TZ, n; Vr, Vs, V/) be the number of extensions where the degree of the conductor 
is n and with the prescribed ramification conditions at the primes of Vs and Vs, and unram¬ 
ified at the primes of V/, i.e. the extensions counted by the generating series -Tv_ R ,v s cv c/ ( s ) 
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Nv~^~ 1)s 







above. By Theorem 12.51 and Lemmas 13.21 and 13.31 


N'( Z/£Z,xv,V Rl V s ,V I ) = 

1 / i —r (£- l)u degv T —r 1 A(u) 

\ es “=^ 1 11 l + (£ - l) M de §^ 11 1 + (£- 1 )u de z v u n+1 

\ v£Vr v ' vGVu v 

t-\ 

+^~!) e Res «=ffj 0 )-i 

3 = 1 

+0 (g< 1 /2+«)«) . 


n 


b(v)u 


degv 


n 


B(u) 


1 + b(v)u de z v 11 1 + b(v)u de z v u n+1 

vgVr ' ' »eV[/ 


As before, the residue involving the function A[u) yields q a times a polynomial in n of 
degree £ — 2, and the residues of B[u ) are 0(q n ), so they contribute to the constant coefficient 
of the polynomial, and not to the main term. The main term when n tends to infinity is 
then given by the leading term of the polynomial which is 


(25) 




(£-1 )u degv 
l + (£- 1 )u de s v 


n 

veVu 


1 A(u)\ 

1 + (£- 1 )u de z v u n+1 ) 


_ 1_ TT ~ 1 )q dcgv tt _1_ c n t -2 

£n II 1 + (£- l)g-deg^ II 1 + (£ - l)q~ d e g« M 

v&Vr V v€Vu V 


We now proceed to add the conditions at the primes of V/ = Vu \ Vs- Using inclusion- 
exclusion, it is easy to see that 


(26) N{Z/£Z, n; V R , V s , Vj) = E (-lf^N\Z/£Z, n; V*, V 5 U V/, V 7 \ V 7 ). 

Vjcv 7 


We can rewrite the above equation in terms of the generating series. Let •7 7 Vii,Vs,Vj ( s ) be the 
generating series for the extensions counted by N(Z/£Z, n; Vr, Vs, Vi). Then, it follows from 
([26D that 


^ r Vij,Vs,V/ ( s ) 


E ( 1 ) |1>/ljr V«,VsUV / cVa( S ) 

V/cV/ 


E (- 1 ) 1 " 7 ' 

V/CV, 


T 1 - ( 


+ T 2 

T VnysuVjdVu 



1 
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and the main term will be given by the sum of the poles of the generating series J vyuv,cv (/ ^ 6 ’)' 
Using (J25D, this is given by 


C e q n n 


n „£-2 


w n tt 

2--/ ^IVelUlVrl 11 1 -I- ( P — 11(1” deg v 11 


= C £ q n n 


n „£—2 


£|Vs|U|V/| 11 1 + (£ - l)g-degi; 11 1 + (£ - l)(7- de g< 
V/cV/ 1 v v&Vu y 

|V/| — [i — l)q~ degv 


1 \ |V S | 

V 


- 1 


n 


n 


1 + (£ - l)q~ de s v 11 1 + (i - l)g- de g’ 
v&Vr v vgVu y ’ 


( IT c ») 

WgV.rUVsUV/ / 


1-2 


= C e \ || c„ 1 q"n' 

Kv^VrUVs^Vi 

where the c v are as in Theorem 14.21 

Dividing the last line by (TT9T) completes the proof of the statement. 


□ 


4.1. Quadratic extensions. We now look specifically at the case i = 2 as we obtain the 
number of quadratic extensions of K with conductor n with no error term, and the ramified 
case with a better error term without using the Tauberian theorem. The generating function 
T is 

T{s) = 2+ ®(L/K)~ S = Y[(l + Nv- s )+Y[(l + {-l) degv Nv~ s ) . 

Gal(L/K)=Z/2Z v v 

In this case, 

V V ' ' 

= C k ( s ) = (1 -g 1 " 26 )(l + g~ s ) 

Cx(2s) 1 - q 1 - 8 

After making the change of variables u = q~ s , we obtain 

;= + 

1 — qu 

Analogously, 

CM=n t 1 + ^ 

V q 

which equals A{—u) after the change of variables u = q~ s . Then, 


F(u) = A{u) + A(-u) 

, 2 s , 1 + u 
= (i -qu) 


+ 


1 — u 


1 — qu 1 + qu / 

By identifying the coefficients in the power series expansion in u of the above rational 
function for n > 0 with the coefficients of 


2 + ^jV(Z/2Z,n)M n , 

n=l 


29 

















we finally obtain that 


(27) 


(1 + (-l) n ) (q n - q n ~ 2 ) n > 3, 
iV(Z/2Z, n) = \2q 2 n = 2, 

0 n = 1 

2 (q n — q n ~ 2 ) n > 2, n even, 

= {2 q 2 n = 2, 

0 n odd. 


Remark 4.3. Recall that the number of square-free monic polynomials of degree d > 1 is 
q d — q d ~ x . In this case, we are counting twice the number of square-free monic polynomials. 
The counting happens twice since every monic square-free polynomial / gives two quadratic 
extensions corresponding to K(y/J) and K(y/]3f) where f3 is a non-square in F*. 


We now proceed to the ramified case. 


F r (u) = 


u 


deg vo 


-A(u) 


(-w) deg 


VQ 


l + u deg V0 ^ > 1 + (-u) d eg «0 


A(-u) 


= (1 ~qu 2 ) 


^deg^! + (_ M )deg^o(' 1 _ 


We have 


(1 + u de z v °)(l - qu) (1 + (—u) deg,,0 )(l + qu)) ' 
A{u ) = (1 — qu 2 )- 


2 ! + m 


1 — qu 

OO 

1 + (q + l)u + q 2 u 2 + - q n ~ 2 )u n . 


n=3 


Thus, 


u 


deg vo 


1 + u de z v ° 


A(u) = V de ^ h + ( q + l) u + q 2 u 2 + - q n ~ 2 )u n 


K k= 1 

OO 


D-D 


'll ” u + (q + 1) + q 2 


k-1 kdeg v 0 


n —3 


B-o *- 1 


-l )t fcdeg v 0 +2 


k =1 


k =1 


fc=l 


EEi-o^V-?"- 2 ) 


~ 2 \ u kdeg v o+n 


k =1 n =3 


^(-l^-V' 36 ^ 0 + (q + 1) 


-1 fcdeg wo+l 




-1 u kdegv 0 +2 


k =1 


fc=l 


fc=l 


I m ~3 I 
L deg u 0 J 


^ ^ ^ ^ ^_^k-l ^ q m-kdegv 0 _ q m-kdegv 0 -2^ u m 


m= 3+degno fc=l 
00 ^ —2 


E 


1-9" 


m=3+deg vq 


X _|_ q — deg vo 


q m-degvo u m + Q q {l) £ 

m= deg vq 


u m . 
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By identifying the coefficients of Fr(u) with the power series 

OO 

iV(Z/2Z, n, Vo, ramified)n n , 

we obtain, 


n=l 


N( Z/2Z,n,v 0 ,ramified) = ^ 9 dcg ^ q n Ae&v ° + 0,(1). 

5. Distribution of the number of points on covers 

We explain in this section how the results of this paper apply to the distribution for the 
number of F^-points on covers C on the moduli space 'H g £. We prove Theorem 11.31 and make 
a comparison with the results of [ BDFL10] . 

Consider an ^-cyclic cover C —> P 1 defined over ¥ q and let L be the function field of 
C. As mentioned in Section 12.21 the genus gc of the cover C is related to the discriminant 
Disc (L/K) via 

2gc = {(- ~ 1) [-2 + deg Cond(L/ K )\, 

which implies 

2 gc 


(28) 


n = 


+ 2 , 


where n is the degree of Cond(L//i). 

Recall that the zeta function of a curve C is given by 


(29) 

Moreover, 


Z c (u) = exp ( #C(F q n) 

\n= 1 

Z L {u) = Z c (u) 


u 

n 


with the usual identification u = q~ s . 

We recall that Vk is the set of places of K. Suppose that L/K is a Galois extension. We 
can write 

(30) Z L (u) = JJ (l- u f(v)degv )~ r(v) , 

vGVk 

where for each place v, we denote by e{v), f{v),r{v) the ramification degree, the inertia 
degree and the number of places of L above v respectively. 

Taking the logarithm on both sides of the equality Zc{u) = Zl(u) using (129|) and 
we obtain 

°° n .n _ °° n .mf(v) deg v 

E#C0V)^=£2>>- 

n =0 dGVk m=1 

Equating the coefficients of u n on both sides gives 


m 


(31) 


#C( F,») = y] r(v)f(v) deg v. 


vGVk 

f(v) deg v\n 
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The above discussion implies that the fiber above an Fg-point of P 1 that corresponds to 
the place v of degree 1 of K contains 


{ £ distinct Fg-points if v splits completely, 

1 Fg-point if v ramifies, 

0 Fg-points if v is inert. 

More generally, a place v of K corresponds to a Galois orbit of rational points of the same 
degree of P 1 . The fiber above each point in the orbit contains 

{ £ distinct points of degree degu if v splits completely, 

1 point of degree deg v if v ramifies, 

1 point of degree Edegv if v is inert. 

To get the distribution of #C (¥ q ) over Tig/, we use the relative densities 

N(Z/a,^- 1 +2 ] V R ,V s ,Vi) 

N(Z/a, + 2) 


where we take the sets Vr, Vs, V/ to be mutually disjoint, and such that V R U Vs U V/ is a 
subset of the set of places of degree 1 in Vk- 

Then, using (ITT]) with n = 1 and Theorem 11.11 we get 


rs./ 


„ Af(Z/ffl,i + 2;V R ,V s ,V f ) 

^ N(Z/IZ, j^+2) 

_ j \ IVfll 

T^i) 


£(q + £- 1) 


|FSI 


<|Vs|+|Vh|=i7» 


E 


dVs| + |V H |=m 


(l- 1 )q 

£{g + £- 1) 


9+1-|Vji| 


= Prob ^ = ’ 

where the Ah are the random variables of Theorem 11.31 


5.1. Affine models. We compare the results of this paper with the results of [BDFL10] 
concerning the irreducible components Q f q-i g g . To describe these components, we 

write the covers concretely in terms of affine models. Each such cover has an affine model 
of the form 

(32) C:Y‘=f(X) = Phfi---ftl 

where the fi G F g [A] are monic, square-free, pairwise coprime, of degrees di ,..., de-±. The 
degree of the conductor depends on the degrees d±,, di -1 and whether there is ramification 
at the place at infinity. The ramification at the place at infinity is determined by whether 
the total degree of the polynomial is divisible by £. When d \-\— ■ + {£— l)o^_i is a multiple 
of £, then the cover does not ramify at infinity, otherwise there is ramification at infinity. 
In the first case the degree of the conductor is di + • • • + g^_i and in the second case it is 
d\ + • • • + di—\ + 1. 
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By the Riemann-Hurwitz formula the genus of this cover is given by 

9c — {£ ~ l)(^i + • • • + di_i — 2)/2 

in the hrst case, and by 

9c — {£ ~ l)(di + • • • + cli -1 — l)/2, 

in the second. Both equations are compatible with the relation (T28|) between the genus gc 
and the degree of the conductor n. 

For a given conductor, each /3 e F*/(F*)^ yields a different cover given by formula ([32]) . 

That is, there is one such extension for each element of F*/(F*) . Using the notation from 
[BDFL10] . we dehne 

F{d i,...,d £ _i) = {(A, ■ ■ ■, ft- 1 ) : fi monic, square-free, pairwise coprime, deg f i = di,i = 1,..., £-1}. 
We consider, for di+ ■■■ + (£ — 1)g^_i = 0 (mod £), 

i -i 

3 = 1 

The elements in the hrst term correspond to affine models from Equation (UFl) in the case 
in which there is no ramification at infinity. The elements in the other terms correspond to 
affine models where there is ramification at infinity (of index j in the term J r (d 1) ...,d j -i ) ...,d e _ 1 )]- 
Now suppose that we want to count the number of covers of genus g. For a conductor 
/i/f • • • ff lh there are £ different covers according to the class of the leading coefficient as an 
element of F*/(F* ) . In addition, we need to consider that isomorphic covers are obtained 
by taking automorphisms of P 1 (F (/ ), namely the q(q 2 — 1) elements of PGL^Fg) (see Section 
7 of [BDFLIOj for details). 

We denote by %( dl >-> d d the corresponding component of H g , indexed by tuples (d 1; ..., df) 
with the properties that (£ — l)(di + • • • + o^_i — 2) = 2 g and d\ + 2d 2 + ■■■ + (£— l)o^_i = 

0 (mod £). The discussion in the previous paragraphs implies 

0, l IT- | 

where, as usual, the ' notation means that the covers C on the moduli space are counted 
with the usual weights l/|Aut(C')|. 

Thus, we can write 

(33) \'H-g/(^'q)\ = / o _ ]\ |^ r [di,...,^_i]|- 

d±-\ - \-dt— i=2(g+2)/(£—1) 

di~\ - \-(i— l)c^_i=0 (mod £) 

Formula (3.1) of |BDFL10| says that 

T H-hd^-i ( \ \ 

(34) \r ld , .*_.)! = I i + o W,,«(*+■■ «<-.)-* + 9 -*/d J , 

where 

jq- 2de g ?j 

(1 + q~ de z v )(l + jq~ de s v ) 
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The formula above may be rewritten as 


I T, 




(£ - 2 )\C e q dl+ '" +di ~ 1 
(1 + (^ - l)9-i) 




e (d h -\ - dh 



This gives 

9(<? 2 -1)|W s ,«(F,)|' = (<-2)!C«" £ <? + BT 

diH- \-dg_i=n 

d\-\ - \-(£—l)d£—i=0 (mod i) 

= Cen £ ~ 2 q n + ET , 

where ET denotes an error term and in the last line, we used that the number of solutions 
of d\ H-f de -1 = n is given by ( n+ ^ -2 ) ~ 

Thus the result of Theorem l4.1l is compatible with the result of Theorem 3.1 from [ BDFLIOj . 
in the sense that summing the main terms of (IHT|1 gives the same number of elements of 
T-Lg/i F ? ) computed in this paper, even if the error terms coming from (jM|) are only valid 
when min{di,..., d^_i} —> oo. 
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